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Eddington	Barbier	approximation:	
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Limb	darkening	

𝜏=1	surface		
for	observer	
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depth

center to limb
intensity profi le

R.	Rutten	

Limb	darkening	
I(𝜇)≅	S(𝜏=1)	

Temperature	gradient		
			=>	limb	darkening	



	
Emergent	intensity:	
	
	
	
	
=>	weighted	average	of		
source	function	along	
line	of	sight	
	
	
	
	
Formally	very	simple,	but	S	can	depend	on	I	at	other	depths	(e.g.,	scattering)	

Radiative Transfer in Stellar Atmospheres

Angle-dependent optical depth

dτνµ ≡ −αν
dz

|µ|
(1.37)

Radial optical depth

τν(z0) =
∫ z0

∞
−αν dz =

∫ ∞

z0

αν dz, (1.38)

Total optical depth

dτ total
ν = −(αc

ν + αl
ν) dz = (1 + ην) dτ c

ν (1.39)

Standard transport equation

µ
dIν

dτν
= Iν − Sν. (1.40)

Formal solution

I−ν (τν, µ) = −
∫ τν

0
Sν(tν) e−(tν−τν)/µ dtν/µ (1.41)

I+
ν (τν, µ) = +

∫ ∞

τν

Sν(tν) e−(tν−τν)/µ dtν/µ. (1.42)

Emergent intensity

I+
ν (τν =0, µ) =

∫ ∞

0
Sν(tν) e−tν/µ dtν/µ. (1.43)

Eddington-Barbier approximation

I+
ν (τν =0, µ) ≈ Sν(τν = µ) (1.44)

F+
ν (0) ≈ πSν(τν = 2/3). (1.45)

18 CHAPTER 2. BASIC RADIATIVE TRANSFER

Eddington-Barbier approximation. The emergent intensity at the stellar surface
(τν = 0, µ > 0) is given by:

I+
ν (τν =0, µ) =

∫ ∞

0
Sν(tν) e−tν/µ dtν/µ. (2.43)

Substitution of

Sν(τν) =
∞
∑

n=0

anτν
n = a0 + a1τν + a2τν

2 + . . . + anτν
n

and use of
∫∞
0 xn exp(−x) dx = n! gives

I+
ν (τν =0, µ) = ao + a1µ + 2a2µ

2 + . . . + n! anµn.

Truncation of both expansions after the first two terms produces the important Eddington-
Barbier approximation

I+
ν (τν =0, µ) ≈ Sν(τν = µ) (2.44)

which is exact when Sν varies linearly with τν . Likewise for the emergent flux:

F+
ν (0) ≈ πSν(τν = 2/3). (2.45)

A formal derivation is given on page 85, a simple one in Exercise 2 on page 225. Figure 2.3
illustrates the Eddington-Barbier approximation simplistically, Figure 2.4 its application
to solar limb darkening, Figure 2.5 its application to line formation at increasing sophis-
tication.

Sν 0

1

2

0 1 2 3 4
0

−τνe
θ I

τν

ν

−τνeSν

ντ

Figure 2.3: The Eddington-Barbier approximation. Left: the integrand Sν exp(−τν) measures the contri-
bution to the radially emergent intensity Iν(τν =0, µ=1) from layers with different optical depth τν . The
value of Sν at τν = 1 is a good estimator of the area under the integrand curve, i.e., the total contribution.
Right: for a slanted beam the characteristic Eddington-Barbier depth is shallower than for a radial beam;
it lies at τν = µ.

2.3 Line transitions

Bound-bound transitions between the lower l and upper u energy levels of a discrete
electromagnetic energy-storing system such as an atom, ion or molecule may occur as:

– radiative excitation;

Actually,	it	is	a	little	more	complicated	
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!�0LANE�0ARALLEL�!TMOSPHERE
#ENTERTOLIMB�INTENSITY�PROl�LE�
DERIVED�FROM�A�SERIES�OF��SLANTED
VIEWS�INTO�A�PLANE�PARALLEL�
ATMOSPHERE

[0.1% of 
stellar 
radius

z

Q���cos-1 M

Plane-parallel	atmosphere	

Jason	Aufdenberg	

All	rays	become	optically	thick		



Spherically	symetric	atmosphere	
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z
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r0 r1
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r3
rN

z
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a) plane-parallel case

b) spherical case
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"EYOND�0LANE0ARALLEL���3PHERICAL�'EOMETRY�AND�!TMOSPHERIC�%XTENSION

4HE�SEMIINl�NITE�NATURE�OF�
PLANEPARALLEL�MODELS�MEANS��
THAT�THE�ATMOSPHERE�IS�OPTI
CALLY�THICK�AT�ALL�ANGLES�

4HE�RAYS�OF�A�SPHERICAL�MODEL
IMPACT�NESTED�SHELLS��OF�WHICH�
THE�OUTER�MOST�ARE�OPTICALLY�
THIN�

Drop off characteristic of spherical models.

(OW�hFUZZYv�IS�THE�LIMB�OF�A�STAR�

Some	rays	are	optically	thin	
=>	drop-off	

Jason	Aufdenberg	



Importance	of	sphericity	
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Critical	angle	for	which	ray	crosses	
atmosphere	at	𝜏=1:	
sin𝜃c=r1/r0	
	
⇒ 𝜇c	=	(1-r1/r0)1/2	≈	(2	𝛥r/r0)1/2	

	𝛥r/r0 	 	𝜇c	
0.1	 	 	0.45 	(red	giant)	
0.01 	 	0.14	
0.001 	 	0.045	 	(solar	case)	
		

	𝛥r	=	r0-r1	



Limb-darkening	in	the	continuum	
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4HE�CHANGE�IN�INTENSITY�WITH�
TEMPERATURE�INCREASES�WITH�
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Stronger	T-dependence	of	Planck	function	in	the	blue	
=>	stronger	limb-darkening		
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Figure 1. The center-to-limb variation in 30 continuum ‘windows’ between 303 and 1099 nm, from
data in Table I of NL94. Also for the region near the extreme limb (µ < 0.1) the plots seem to have a
realistic physical meaning: all 30 curves yield for µ = 0.0 – in combination with the corresponding ab-
solute intensities for the disk center – almost the same value of radiation temperature: Tlimb = 4746 K.

A0 : a0 = a00 + a01λ
−1; (3a)

A1 : a1 = a10 + a11λ
−1 + a15λ

−5; (3b)

A2 : a2 = a20 + a25λ
−5; (3c)

A3 : a3 = a30 + a35λ
−5; (3d)

A4 : a4 = a40 + a45λ
−5; (3e)

A5 : a5 = a50 + a55λ
−5; (3f)

R : r = r0 + r1λ
−1 + r5λ

−5. (3g)

While the functions a0 and a2 to a5 were the result of r.m.s. fits to the NL94
data within three specific spectral ranges, the functions a1 were derived from the
condition

∑
ai = 1.000, which implies the following relations:

Solar	observations	(continuum)	

Neckel	&	Labs	1994,	Neckel	2005	

=>	Tlimb	=	4746K	



Calculations	

MARCS	models	+	line	lists	+	Turbospectrum	
	
PP	or	SPH	
	
continuum	and	line	spectrum	
	
spectral	resolution	>	100	000	
	
𝜇=0.1,	0.2,	…,	1.0	
	



MARCS	2008	
•  Opacity	Sampling	(OS)	108000	points	
•  updated	continuous	opacities	
•  updated	line	opacities,	e.g.	H2O,	atomic	lines	with	Anstee,	

Barklem	et	al.'s	collisional	broadening,	and	better	H	I	lines	
(Barklem	&	Piskunov,	2003),	...	

•  more	than	104	models	
•  note	on	computing	time	:	

–  Gustafsson	&	Nissen	1972	:	25mn	for	a	PP	model	with	148	λ	(25	
Balmer	lines)	

–  2008	:	10mn	for	a	SPH	model	with	108000	λ	(>108	lines)	

–  NB:	2019:	a	few	minutes	on	this	laptop	



Sampling	of	opacities	and	fluxes		

A	sampled	SED	is	not	a	high	resolution	spectrum	smoothed	to	
lower	resolution	!	



MARCS	Solar	model:	the	flux	spectrum	

2

4

6

wavelength (A)

ISS reference Solar spectrum (Meftah et al. 2018, AA 611, A1)

MARCS reference Solar model

ATLAS9 reference Solar model

Only	scaling:	angular	diameter	of	the	Sun	



MARCS	solar	flux	spectrum	

1500 2000 2500 3000
0

2

4

6

wavelength (A)

ISS reference Solar spectrum (Meftah et al. 2018, AA 611, A1)

rescaled ATLAS3 spectrum (Thuillier et al. 2003, Sol. Phys. 214,1) below 1650A

MARCS reference Solar model

ATLAS9 reference Solar model



MARCS	solar	flux	spectrum	
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wavelength (A)

ISS reference Solar spectrum (Meftah et al. 2018, AA 611, A1)

MARCS reference Solar model

ATLAS9 reference Solar model



MARCS	solar	flux	spectrum	

6000 8000
6

6.2

6.4

6.6

6.8

7

wavelength (A)

ISS reference Solar spectrum (Meftah et al. 2018, AA 611, A1)

MARCS reference Solar model

ATLAS9 reference Solar model

Glitch	in	the	observations	



The	comparison	to	solar	flux,	although	not	perfect	is	
quite	good.	
This	can	probably	be	improved	with	better	line	lists.	
We	are	working	on	it.	
	
	
	
And	now,	a	more	difficult	matter:	intensities	



	 	 	Solar	continuum	Limb-Darkening	

⇒ the	thermal	gradient	of	1D	models	is	too	steep	between		
	𝜏=1	and	𝜏=0.1		
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Fiddling	with	convection	in	1D	models	could	partially	do	the	trick.	
	 	But	this	is	not	the	way	we	want	to	do	it.	



	 	Recent	observations	of	the	solar	CLV	
	
Ramelli	et	al.	2017,	arXiv	1708.03284											IRSOL	(Locarno)	
Intensities	at	10	angles:	mu=0.1,	0.2,	….,	1.0	
439	–	666	nm,	full	resolution	
Normalized	to	continuum	AND	divided	by	I/Icont	at	disk	center	
	
	



Continuum-normalized	intensity	observations	(black)		
vs	MARCS	models	(red)		

The	data	for	this	analysis	have	been	provided	in	electronic	form	by	IRSOL	as	a	compilation	by	
Setzer	et	al.	(2017)	
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Continuum-normalized	intensity	observations	(black)		
vs	MARCS	models	(red)		

The	data	for	this	analysis	have	been	provided	in	electronic	form	by	IRSOL	as	a	compilation	by	
Setzer	et	al.	(2017)		



Continuum-normalized	intensity	observations	(black)		
vs	MARCS	models	(red)		

The	data	for	this	analysis	have	been	provided	in	electronic	form	by	IRSOL	as	a	compilation	by	
Setzer	et	al.	(2017)	



Continuum-normalized	intensity	observations	(black)		
vs	MARCS	models	(red)		

The	data	for	this	analysis	have	been	provided	in	electronic	form	by	IRSOL	as	a	compilation	by	
Setzer	et	al.	(2017)	



Recall,	these	observations	were	 		
normalized	to	continuum	AND	divided	by	I/Icont	at	disk	center	
	
	
Ramelli	et	al.	suggest	using	as	best	estimate	for	the	absolute	
intensity:	
	

2 Ramelli et al.

2. Observations

The SS3 atlas presented in this work has been obtained with the Gregory-Coudé tele-
scope at IRSOL in the spectral range from 439 nm to 666 nm at 10 different heliocentric
angles θ corresponding to µ from 0.1 to 1.0 in step of 0.1. The spectrograph connected
to the telescope is a Czerny Turner of 10 m focal length equipped with a grating with
316 grooves/mm, a blaze angle of 63◦ and whose size is 180 x 360 mm. The obser-
vations have been recorded with a ZIMPOL camera (Ramelli et al. 2010) that usually
is used with masked CCD sensors for polarimetry, but which for this project has been
equipped with an unmasked sensor that is better suited for intensity measurements.
The data acquisition procedure has been almost fully automatized thanks to the us-
age of the scripting possibilities given by the ZIMPOL control software described by
Ramelli et al. (2010). Accurate positioning has been done thanks to the Primary Image
Guiding system reported by Küveler et al. (2011). A limb tracking system connected to
the slit-jaw camera and based on a tilting glass plate, has been used to keep a constant
limb distance, when the limb was visible in the field of view of the telescope (i.e. from
µ = 0.1 to µ = 0.4). A Dove prism has been used to rotate the image observed in
order to keep the orientation of the heliographic North parallel to the spectrograph slit.
The observing sequence was chosen in order to have an observation at the center of the
solar disc (µ = 1), immediately before or after each observation taken at the different
µ-positions. For each spectral window we also took a corresponding flat-field and dark
observation. After a quality check some observations needed to be repeated.

3. Data reduction and results

Each observation has been corrected for flat-field and dark. The spectral intensity pro-
files have been obtained averaging over 30 arcseconds along the spatial direction. Both
the spectra Iµ(λ) at the different µ positions and the spectra Ic(λ) at the disc center have
been normalized so that the continuum is set to 1. The wavelength scale has been de-
termined with the help of the FTS atlas (Kurucz et al. 1984). For each µ-position we
calculate the ratio

Rµ(λ) =
Iµ(λ)

Ic(λ)
(1)

The SS3 atlas obtained in this work displays the intensity spectrum at disc center
Ic(λ) and the 9 Rµ-profiles obtained at the different center to limb positions (see example
in Figures 1 and 2). Our effort has been put in measuring precisely as possible the Rµ(λ)
function. Since very precise and reliable measurements have been made by Neckel &
Labs (1994) for center to limb variation in the continuum IN

λ
(µ) and by Kurucz et al.

(1984) for the intensity spectrum at disc center IFTS
c (λ), we suggest the reader that he

should use for the intensity spectrum at a particular µ position

Iµ(λ) = Rµ(λ) · I
N
λ (µ) · IFTS

c (λ) (2)

as best estimate.
Data are made available to the public on the IRSOL web-site at the address:

http://www.irsol.ch/data-archive.

IRSOL	measurements	

Kurucz	et	al.	disk	center	
intensity	(1984)	

Neckel	&	Labs	
continuum	CLV	(1994)	



So,	another	way	of	looking	at	it:		
scale	observations	using	Neckel	&	Labs	continuum	CLV	measurements	



Observations	scaled	using	Neckel	&	Labs	continuum	CLV	
measurements	



Observations	scaled	using	Neckel	&	Labs	continuum	CLV	
measurements	



Observations	scaled	using	Neckel	&	Labs	continuum	CLV	
measurements	

H𝛼	requires	a	chromosphere	and	NLTE	



Calculated	CLV	integrated	over	a	square	500-1000nm	filter	
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PLATO	will	integrate	the	flux	in	the	500-1000nm	window	



Some	conclusions,	thoughts,	and	questions	

•  1D	models	do	not	perform	optimally	for	CLV.	
	As	is	well	known,	CLV	is	a	stringent	test	of	the	temperature	
	gradient	accuracy!	

	
•  3D	models	perform	better	
	
•  While	1D	models	are	inexpensive,	3D	models	demand	large	

ressources:	only	sparse	grids	can	be	computed	
	
⇒ map	3D	CLVs	on	1D	counterparts	and	interpolate?	
⇒ Or	maybe	Stagger	grid	is	already	sufficient	to	directly	

interpolate?	
	
•  Little	reliable	data	exist	to	test	our	models,	beyond	the	Sun.	
⇒ Need	more	from	interferometry,	transits,	binaries,…	
	


